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The characteristics of spontaneous emission can be strongly modified by the mode structure of
the vacuum. In waveguide quantum-electrodynamics based on photonic crystals, this modification
is exploited to engineer atom-photon interactions near a band edge, but the physics of coupling to
an entire band has not yet been explored in experiments. Here, we study the decay dynamics of
an array of matter-wave quantum emitters coupled to a single band of an effective photonic crystal
waveguide structure with tunable characteristics. Depending on the ratio between vacuum coupling
and bandwidth, we observe a transition from irreversible decay to fully oscillatory dynamics that is
linked to the interplay of matter-wave bound states near the band edges. Our results shed light on
the emergence of coherence in an open quantum system in a controllable environment, and are of
relevance for the understanding of coherent long-range interactions in photonic systems.
Introduction. Harnessing light-matter interactions in
the emergent field of waveguide quantum electrodynam-
ics (QED) [1–3], in which quantum emitters are coupled
to strongly-confined optical fields, opens up new avenues
for the realization of photonic quantum matter [4–6] in
the optical and microwave domains [7–16]. A common
approach, based on the use of photonic crystals [17, 18],
exploits their band structure and diverging density of
states to enhance the coupling to guided photon modes.
In the framework of cavity-QED [19–21], such a band
structure of guided modes can also be engineered in an
array of coupled cavities [22, 23].
A fundamental question for these systems as a platform
for applications is the understanding of how quantum
emitters interact with the modified vacuum. For weak
coupling of an emitter to the center of the band, the decay
is exponential just as in free space [24]. However, near a
band edge, the emitter feels the influence of a bound state
supported by the system [25, 26] and one thus expects a
fractional decay of the emitter into a stationary super-
position of its excited and ground states [27–29]. When
the band is narrow or the coupling is strong, then even
in the band center (at the cavity resonance) the dynam-
ics should become non-Markovian [22, 23] and approach
that of vacuum Rabi oscillations. Thus, systems featur-
ing a band exhibit rich physics, ranging from effectively
free-space decay to the cavity-QED limit.
While in principle these different emission regimes
should be able to be be observed in any of the photonic-
crystal realizations mentioned previously, one needs full
and independent control over the ratio of coupling and
bandwidth as well as the excitation energy, which is gen-
erally hard to achieve. That being said, waveguide-QED
physics can also be studied in the analogue context of
atomic matter waves [30–34], where single atoms, emit-
ted by an artificial quantum emitter, take the role of sin-
gle photons. In such a realization, all relevant parameters
can be controlled independently. In this paper, we create
a structured vacuum for matter-wave emission in analogy
to that provided by a photonic crystal using an optical
lattice. We study its effects on the spontaneous decay
of matter-wave quantum emitters [31, 35] that have an
effectively infinite Purcell factor [36] with negligible cou-
pling to modes other than those of interest. We spectro-
scopically characterize the band structure with access to
momentum and energy information and investigate the
decay dynamics tuned from weak to strong coupling. In
particular, we characterize the structure of two bound
states which are responsible for the emergence of non-
Markovian effects. We find that the band structure of
the vacuum can lead to strong modulations of the bound
state wavefunction, which may be of importance for the
engineering of bound-state mediated long-range interac-
tions.
Our implementation of matter-wave quantum emitters,
illustrated in Fig. 1A, follows that of [35]. Using a 2D
optical lattice (with a depth of 40 recoil-energies, formed
by 1064 nm light), we confine ultracold, optically-trapped
87Rb atoms in two relevant hyperfine ground states |r〉 =
|F = 1,mF = −1〉 (“red”) and |b〉 = |2, 0〉 (“blue”) to a
system of isolated tubes in which the atoms can freely
propagate for sufficiently short times (τ  ω−1z , with
ωz/2pi ≈ 100 Hz along the tube axis). An additional
state-dependent lattice along the tube axis (depth sr,b in
units of the corresponding recoil energy Er = (h¯k)2/2m,
where k = 2pi/λ is the recoil wavenumber, λ ∼ 790 nm is
the wavelength, and m is the atomic mass) provides deep
confinement (sr = 20) for the |r〉 atoms. In this configu-
ration, we first prepare a Mott insulator of |r〉 atoms and
then thin it out to a sample of ∼30,000 atoms with site
occupation <∼ 0.5 (see supplement). The lattice-trapped
|r〉 state is microwave-coupled (strength Ω, detuning ∆
from the lattice-shifted atomic resonance at 6.8 GHz, see
supplement) to the |b〉 state. Since |b〉 atoms are free to
propagate in a given tube when sb = 0, each lattice well
(occupied/unoccupied) in a tube thus serves as a matter-
wave quantum emitter (in the excited/ground state, re-
spectively). The low filling fraction <∼ 0.5 ensures that
experiments start from a system of only a few excited
emitters.
The full equivalent of a photonic-crystal waveguide (as
opposed to just a continuum edge for sb = 0 [35]) can
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2FIG. 1: A, Experimental scheme. 87Rb atoms in two hyperfine ground states |r〉 (“red”) and |b〉 (“blue”) are confined in
state-independent 1D lattice tubes. A state-dependent longitudinal lattice provides strong confinement for one hyperfine state
(sr  1) and weak confinement for the other (sb ≈ 2.5). Neighboring shallow lattice wells act as the unit cells of an effective
photonic crystal for matter waves. Coupling between |r〉 and |b〉 (strength Ω, detuning ∆) leads to emission into its band
structure; each well acts as an emitter characterized by an occupational spin (states |e〉 and |g〉) and excitation energy h¯∆.
B, Band structure relevant for the emission of matter waves and relative strength of the vacuum coupling γn,q(ε) for sb = 2.5
and sr = 20. C, Measured quasimomentum distribution versus emission energy h¯∆, as seen with absorption imaging after
band-mapping and 14 ms time of flight, and averaged over at least 3 runs. The lattice parameters are as in B; the coupling
strength is Ω/2pi = 1.0(3) kHz and the pulse duration τ = 400µs. The zoom in is taken with a smaller step size of 0.1Er, and an
average over at least 4 runs for each quasimomentum distribution, and the calculated band-structure is shown (white, dashed).
D, Theoretically computed |Bq(t)|2, blurred by a Gaussian of width σE = 0.1Er in energy and σq = 0.15k in quasimomentum
for comparison with the experimental data of D (see supplement).
be created by tuning sb 6= 0. By controlling the wave-
length λ, we create an adjustable band structure [37],
into which the matter-wave emitters emit Bloch waves.
The commensurability of the emitters with the unit cells
of the optical lattice creating the band structure guaran-
tees that the coupling of emitters is uniform across the
sample.
Bloch-wave emission spectroscopy. For our measure-
ments we choose sb > 0 (for the case of sb < 0, see supple-
ment). The dynamics of an isolated emitter (ground and
excited states |g〉 and |e〉) are then governed by the inter-
action Hamiltonian Hˆ =
∑
n,q h¯gn,qe
i∆n,qt |g〉 〈e| bˆ†n,q +
H.c. where ∆n,q = ∆ − εn,q/h¯ is the effective detuning
of the emitter (excitation energy h¯∆) from the Bloch
state in the shallow lattice |n, q〉 = bˆ†n,q |0〉 of energy
εn,q (band index n, quasimomentum q); the vacuum
coupling gn,q = γn,qΩ/2 contains the Franck-Condon
overlap γn,q = 〈n, q|ψe〉 with the originating harmonic-
oscillator ground state |ψe〉 in an emitter. We choose
sb = 2.5 (at λ = 790.4 nm) giving a ground bandwidth
W1 = ε1,k − ε1,0 = 0.5 Er ≈ h × 1.8 kHz. The band
structure and corresponding Franck-Condon factors are
illustrated in Fig. 1B.
We first characterize the momentum distribution of
the emitted |b〉 atoms as a function of the excitation en-
ergy h¯∆ (calibrated using lattice transfer spectroscopy,
see supplement). After exciting the matter-wave emit-
ters, we apply a rectangular microwave pulse of duration
τ = 400µs and Rabi frequency Ω = 2pi × 1 kHz; fol-
lowing a 500µs-long rampdown of all three lattices for
band mapping. The emitted |b〉 atoms are detected after
time-of-flight using state-selective absorption imaging.
The measured (quasi-)momentum distribution, shown in
Fig. 1C, reveals that emission into the ground band is
much stronger than that into the first and higher bands.
The suppression results from the structure of the vacuum
coupling gn,q, which for even-n bands is reduced due to
the approximate odd parity of the relevant Bloch states
for sb > 0; a further suppression of the relevant Franck-
Condon factor for higher n is due to the finite momentum
width of |ψe〉 and the decrease in the density of states.
This justifies a single-band approximation, in which all
the dynamics is induced by coupling to the ground band
only.
Decay dynamics. To describe the dynamics of the de-
cay of a single excited matter-wave emitter and of its
radiation field, we use a single-band model (similarly to
[22, 23, 38] for the photonic case), in which the system
is described by the wavefunction |ψ(t)〉 = A(t) |e; 0〉 +∑
q Bq(t) |g; 1, q〉. The band is approximately sinusoidal,
ε(q) = −h¯ω¯ cos(qpi/k) + h¯ω¯ (denoting ε(q) ≡ ε1,q, and
h¯ω¯ ≡ W1/2) and the vacuum coupling g = 〈g1,q〉q ≈
0.39Ω is approximately constant over the band, with
negligible coupling to other bands. The excited-state
amplitude A(t) then evolves as the Fourier transform
A(t) = (i/2pi)
∫∞
−∞ dω G(ω+ i0
+)ei(∆−ω)t of the Green’s
function G(ω) = 1/[ω−∆−Σ(ω)/h¯], in which the inter-
action of the emitter with the band is captured through
3the self-energy Σ(ω) = (h¯2g2/2k)
∫ k
−k dq/[h¯ω − ε(q)] =
−ih¯g2/√ω(2ω¯ − ω). Similarly, the individual quasi-
momentum amplitudes of the radiation field evolve as
Bq(t) = (ig/2pi)
∫∞
−∞ dωG(ω+i0
+)(ei(ε(q)/h¯−ω)t−1)/(ω+
i0+ − ε(q)/h¯). The dynamics of the emitter and radia-
tion are governed by the singularities of G(ω) defined by
ω −∆− Σ(ω)/h¯ = 0.
FIG. 2: A, Emission spectrum for g/ω¯ = 0.43 and τ = 400 µs,
obtained from the distributions in Fig. 1 C by summing over
quasimomenta. The dashed curve is the prediction of the
single-emitter model, and the solid curve is the same predic-
tion reduced by 40%. B, Decay dynamics for h¯∆ = h×1.8(1)
kHz for (1) weak coupling with Ω = 2pi×0.4 kHz (g/ω¯ = 0.18),
(2,3) intermediate coupling with Ω = 2pi × (1.0, 2.3) kHz
(g/ω¯ = 0.43, 1.0), and (4) strong coupling for a reduced band-
width (W1 = 0.1Er) with Ω = 2pi×2.2 kHz (g/ω¯ = 4.9). The
dots are data taken for different hold times, averaged over
at least 3 runs each, with error bars respresenting the stan-
dard error of the mean (S.E.M). The gray lines represent the
predictions of the isolated-emitter model. C, Schematic il-
lustrating the competition between coupling g and tunneling
∼ ω¯ in the shallow lattice (see text).
Decay dynamics in an array of emitters are generally
subject to propagation, reabsorption and collisional ef-
fects; however our description for an isolated emitter
should apply in the short-time limit, before neighboring
emitters can re-absorb the emitted radiation [35]. We
first consider the measured ground-band emission spec-
trum shown in Fig. 1C, and compare it to the calculated
profiles of |Bq(t)|2 for a range of q from −k to k at fixed
times τ = 400 µs, c.f. Fig 1D. For a more quantita-
tive comparison, we also consider the total transferred
population by integrating over the quasimomenta. The
agreement of the spectrum with the prediction (Fig. 2A)
is good up to an overall scaling factor of order unity. To
access temporal characteristics of the decay, we monitor,
for emission at the center of the band, the time evolution
of the excited-state amplitude for different ratios g/ω¯ be-
tween coupling and bandwidth. Three regimes can be
distinguished, cf. Fig. 2B: irreversible decay for g/ω¯  1
(weak coupling), damped oscillatory decay for g/ω¯ ∼ 1
(intermediate coupling), and undamped oscillations for
g/ω¯  1 (strong coupling).
For weak coupling, Fig. 2B(1), the edges are far away
in energy, and we recover the Weisskopf-Wigner-type
situation of [35]. Across all three regimes, a Wannier
picture provides a qualitative understanding of the dy-
namics in terms of the quantum Zeno effect [39, 40] (cf.
Fig. 2C): here, the atom coherently cycles with Rabi fre-
quency Ω′ = 2g between the strongly confining emitter
well and a corresponding |b〉 well of the lattice creating
the band, where it is subject to tunnel escape at a rate
∼ ω¯ that damps the coherent local evolution. In the
strong-coupling limit, the bandwidth is negligible, and
the population trivially performs coherent Rabi oscilla-
tions between the emitter and the (now effectively single-
mode) vacuum, corresponding to a beating of the dressed
states of the Jaynes-Cummings model [21] in cavity QED.
A remnant of this effect persists even in the weak cou-
pling regime for short times t <∼ ω¯−1 ∼ 0.2 ms, when
the associated Heisenberg uncertainty in energy exceeds
the bandwidth such that the band is not resolved and
appears as a single state. This results in decay dynamics
that always start as a Rabi oscillation, i.e. quadratically.
More precisely, the dynamics is governed by the sin-
gularities of the Green’s function G(ω) (see supplement).
For finite bandwidth, the dressed states of the Jaynes-
Cummings model are replaced by bound states near the
band edges (one below the band and one in the gap above
the band), which arise as non-decaying, real poles ω±B in
G(ω). These bound states are composed of many matter-
wave modes, and their spatial properties depend on the
coupling strength and bandwidth. In addition to the
beat between the bound states, the overall oscillation am-
plitude decays partially due to Markovian and partially
due to non-Markovian contributions arising from cou-
pling to the band and its edges respectively. For strong
couplings g/ω¯  1, the bound state energies are given
as ω±B = ω¯ + (∆
′ ± √∆′2 + Ω′2)/2, with ∆′ = ∆ − ω¯,
the detuning from the band center. For weak couplings,
g/ω¯  1, they converge to the corresponding band edge
from above and below, i.e. ω+B ≈ 2ω¯ and ω−B ≈ 0.
Generally there is good agreement between our single-
emitter model and the observation before significant pop-
ulation has been emitted (which mostly coincides with
the short-time regime). The observed decay dynamics
display oscillations that last to long times, in qualita-
tive agreement with the model, and for the spectrum of
Fig. 2A, taken at 400 µs, the data only differ from the
model by a constant scaling factor. Deviations, includ-
ing an offset and enhanced oscillations, are expected to
appear when atom reabsorption by neighboring empty
emitters becomes relevant [35]. Proper theoretical ac-
counting for these effects, including collisional interac-
tions, however is beyond the scope of this paper. For
g/ω¯  1, the emitters effectively decouple such that the
isolated emitter model applies fully.
4Measuring bound state quasimomentum distributions.
Importantly, the spatial structure of a given bound state
qualitatively depends on whether it is located below or
above the band. Using the approach of [31], it is straight-
forward to show that the bound states contain evanescent
matter waves of the form ψ±B(z) =
∫ k
−k dq φ
±(q) 〈z | 1, q〉
with quasimomentum probability amplitudes φ±(q) =
(h¯g/2k)/[h¯ω±B − ε(q)] (see supplement for details). For
the bound state above the band, where the energetic dif-
ference between h¯ω+B and ε1,±q is smallest near q = ±k,
this means that |φ+(q)|2 possesses a double-peaked struc-
ture in quasimomentum space. In contrast, for the bound
state below the band, the quasimomentum is concen-
trated around q = 0. To demonstrate these features,
we directly detect two representative bound states sym-
metrically located on opposite sides of the band (where
φ±(q + k) = φ∓(q)) with emission energies h¯∆± =
(1 ± 3)h¯ω¯ and weak coupling (g/∆±)2  1 (such that
ω±B ≈ ∆±). We prepare these states by slowly ramping
on the coupling g using a sinusoidal ramp. The ramp
duration of 2 ms is long with respect to the bound state
frequencies ω±B , and no dynamics are observed for a vari-
able hold time between 0 and 0.5 ms following the ramp.
The resulting quasimomentum distributions are observed
in time-of-flight after a band-map of all optical poten-
tials as before. The observed distributions, cf. Fig. 3A
and 3C, match qualitatively the predictions for |φ±(q)|2
within the range −2k to 2k, with quantitative agreement
if we allow for a blurring of 0.15k due to finite size ef-
fects (system size ∼ 10µm) and imaging resolution. In
real space, the bound state below the band resembles
that found near a single edge [35] while the cutoffs at ±k
lead to a slight modification of its exponential decay [25].
In contrast, the bound state above the band is strongly
modulated on the lattice period, featuring nodes arising
from the two quasimomentum peaks.
Conclusions. In this work, we have investigated the
coupling of matter-wave quantum emitters to a tunable
single band. The observed decay dynamics is linked to
the formation of bound states near the band edges that
feature a superposition of matter-wave modes. Because
of the spatial modulation induced by the band struc-
ture, the vacuum coupling to a band and its bound states
can be very sensitive to the exact placement of a quan-
tum emitter, which can be seen when effectively shift-
ing the lattice in our experiments (cf. supplement). In
photonic systems, similar features could arise, for ex-
ample, for atoms placed near photonic crystal waveg-
uides, and thus become relevant for the engineering of
photon-mediated long-range interactions [2]. Extensions
of the single-emitter model to higher bands and higher-
dimensional lattices with more complicated band struc-
tures can be realized in our matter wave platform, which
opens up opportunities for the study of exotic emission
phenomena such as analogs of chiral emission [33]. More-
over, the availability of a fully tunable environment will
FIG. 3: Structure of the bound states at h¯∆+ = 1.0(1)Er and
h¯∆− = −0.5(1)Er above (A, B) and below (C, D) the band
edges. A, Calculated quasimomentum distribution |φ±(q)|2
of the bound state above the band at h¯ω+B = 4h¯ω¯ ≈ h×3.9(3)
kHz and corresponding computed position space distribution
|ψ±(q)|2, where al = λ/2 is the lattice spacing. B, Observed
quasimomentum distribution from time-of-flight following an
adiabatic (2 ms long) ramp on of the coupling up to g/ω¯ =
0.43. Each data-point is the average of more than 30 individ-
ual repetitions. The density plot shows the average time-of-
flight picture. The gray curve is the quasimomentum distri-
bution from A convolved with a Gaussian blur (σ = 0.15k)
to accomodate finite size effects and imaging resolution. C,
Quasimomentum and position distributions as in A for the
bound state below the band at h¯ω−B = −2h¯ω¯ ≈ h × −1.9(3)
kHz; the latter exhibits a small plateau for our parameters.
D, observed quasimomentum distribution, taken as in B. The
gray curve is blurred with the same Gaussian as in panel B.
provide flexibility for the implementation of dissipative
many-body physics including effective spin models and
collective emission [30, 32].
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6SUPPLEMENTARY MATERIALS
Experimental procedures
Sample preparation. The experiment begins by cre-
ating an optically trapped Bose-Einstein condensate [1].
In order to minimize gravitational sag, the horizontal,
state-independent lattices are first adiabatically ramped
up in 80 ms followed by the vertical state-dependent lat-
tice (90 ms) to final depths of 40Er,1064nm, 40Er,1064nm
and 20Er,790.41nm so that the atomic cloud sits at ap-
proximately the trap minimum potential, with a residual
confinement along the z-direction of ωz ≈ 2pi × 100 Hz.
Here, Er,λ is the recoil energy of the lattice. This pro-
cedure creates an atomic sample deep within the Mott
regime. With the atoms loaded into the lattice, a variable
fraction f is then transferred, at a bias field of 5 G, to an
intermediate |2, 1〉 state using a two-photon microwave
and radio-frequency pulse of about 2 ms duration. The
transferred atoms are removed using resonant light on
the D2 cycling transition (F = 2 → F ′ = 3). After the
pulse sequence (in which f is adjusted between 0.6 and
0.85 to compensate for differing initial atom number), the
remaining sample has about 2.7(3) × 104 |r〉 atoms with
an average site occupation of 〈ni〉 <∼ 0.5 in the tubes.
State-dependent lattice and atom detection. Our ex-
perimental techniques follow that of our previous work
[2]. In brief, we generate the state dependent potential
using σ− light tuned to λ = 790.4 nm, between the D1
and D2 transitions of 87Rb. We detect the atoms after
a 500 µs-long linear ramp-off of all optical lattice poten-
tials to perform a band-map operation followed by 14 ms
of time-of-flight (ToF) expansion. During ToF, we apply
Stern-Gerlach separation using a magnetic field gradient
in order to spatially separate hyperfine states of different
magnetic moment. We then perform state-selective ab-
sorption imaging in order to resolve all hyperfine states
in each ground state manifold individually (used for mag-
netometry [3]). Images are analyzed for data extraction
after using a principal component analysis routine to re-
move residual fringes in the images.
Determining the resonance condition. The resonance
condition ∆ = 0 is defined with respect to the transition
between the band minimum εn=1,q=0 and the harmonic-
oscillator ground state in the matter-wave emitter poten-
tial (with a residual bandwidth of 1× 10−2 Er). We use
lattice transfer spectroscopy [4] to determine the reso-
nance condition. An optically trapped BEC of |r〉 atoms
is first transferred into the |b〉 state, after which the state-
dependent lattice potential is ramped on slowly. Mi-
crowave pulses of duration τ = 400µs are then applied
at a fixed strength Ω = 2pi × 1.0 kHz and variable fre-
quency to transfer maximally 30% of population into the
|r〉 state. The ∆ = 0 frequency for use in the experiment
is obtained from a fit of a Rabi spectrum to the data.
Systematic residual mean-field shifts are estimated to be
between 150 and 270 Hz for all initial atom numbers used,
based on a direct simulation of the 1D time-dependent
Gross-Pitaevskii equation, and have been included in the
spectrum of Fig. 2A. The resonance condition (which de-
pends on both optical and magnetic fields) is stabilized
using a post-selection magnetometry technique, yielding
an uncertainty of σE ≈ 350 Hz [2, 3].
Higher-band contributions. The observed quasimo-
mentum distributions show a small (<∼ 20%) population
of atoms at higher quasimomenta (q ≈ 2.5k). This can
be attributed to a small contamination by the first ex-
cited harmonic-oscillator level for |r〉 at the beginning
of the measurement which is coupled to the first excited
band for the |b〉 atoms due to a non-vanishing Franck-
Condon overlap. These atoms are in a different region of
quasimomentum space from the evanescent waves in the
experimental data.
Positioning of the emitters. It is possible to realize
the case sb < 0 by shifting the lattice wavelength in the
opposite direction from the tune-out point. Physically,
this corresponds to shifting the emitter lattice with re-
spect to the shallow lattice by half of a lattice spacing,
aligning the emitters with the unit cell boundaries. This
results in Franck-Condon factors that are appreciable for
excited bands n ≥ 2, c.f. Fig. 4A, and in observed emis-
sion profiles with appreciable contributions from both the
ground and first exited bands, cf. Fig. 4B.
FIG. 4: A, Franck-Condon factor γn,q and observed emission
profile B, for sb = −2.6 at λ = 789.8 nm. The strongest
emission signal occurs in the first excited band; the relatively
strong percentage of atoms within the first band gap results
from the strong coupling to the first excited band, giving rise
to non-Markovian emission in the band gap.
Theoretical considerations
Analytic structure of the self-energy and time dynam-
ics. Here we present our model in more detail. Related
discussions for photonic systems can be found in [5–7],
but we measure the origin of energy differently, so the
7equations take a slightly different form. The evolution
of the initially excited matter-wave emitter can be found
in a resolvent operator approach, resulting in an excited
state amplitude of
A(t) =
i
2pi
∫ ∞
−∞
dωG(ω + i0+)ei(∆−ω)t (1)
with Green’s function G(ω) = 1/[ω−∆−Σ(ω)/h¯] and self
energy Σ(ω) = −ih¯g2/√ω(2ω¯ − ω). Similarly, for the
emitted matter-wave radiation, direct integration of the
Schrödinger equation using the interaction Hamiltonian
yields
Bq(t) = −ig
∫ t
0
dτei(ε(q)/h¯−∆)τA(τ) (2)
in which we swap the order of integrations, yielding
Bq(t) =
ig
2pi
∫ ∞
−∞
dωG(ω + i0+)
ei(ε(q)/h¯−ω)t − 1
ω + i0+ − ε(q)/h¯ . (3)
These integrals are performed over a function of a com-
plex variable, and so we can apply the Cauchy residue
theorem to evaluate the behavior. Specifically, The sin-
gularities of G(ω) yield exponentials with (in principle)
complex frequencies. For detunings within the band, the
analytic structure of G(ω) is such that it is analytic in the
complex plane except for two branch cuts of imaginary
part running from 0 to −∞ and real part at the band
edges and four poles, two of which are purely real, and
two of which form a complex conjugate pair. We discuss
these in turn.
The poles of the Green’s function are found by solving
ω−∆−Σ(ω)/h¯ = 0. This equation is in general quartic,
which we can see by inserting Σ(ω) into the previous
equation and expanding. The resulting equation is
ω(ω − 2ω¯)(ω −∆)2 = g4 (4)
and the roots may be found numerically for generic val-
ues of g, ω¯, and ∆. It turns out that this equation has
two real roots, corresponding to two stable excitations
or bound states, whose frequenceis we denote by ω±B and
whose residues are R±B . These bound states contribute
with purely imaginary exponential terms to A(t). Like-
wise, there is a pair of complex conjugate roots, though
only the root with negative imaginary part will reside
within the integration contour, and thus only this root
will contribute to A(t). This pole, having frequency
ωM − iΓ/2 and residue RM , corresponds to an exponen-
tially decaying excitation. The value of Γ, for a large
range of parameters g and ω¯, corresponds to the Marko-
vian prediction based on Fermi’s Golden Rule. Finally,
the detours around the branch cut contribute an inco-
herent decay, Φ(t), which tends to zero algebraically as a
function of time. The full solution for A(t) may schemat-
ically be written as
A(t) = R+Be
−i(ω+B−∆)t +R−Be
−i(ω−B−∆)t
+RMe
(i(∆−ωM )−|Γ|/2)t + Φ(t) (5)
and it is from these equations that we plot the gray curves
|A(t)|2 in Fig. 2B.
We now consider the behavior of |A(t)|2 in more de-
tail. In the limit of weak coupling, in which g  ω¯, the
dynamics correspond to an almost Markovian limit, in
which the emitter population principally follows an expo-
nential decay with a small oscillation superposed on top.
This oscillation is in general due to a beating between
the bound state frequencies, for in the limit of infinite
time, A(t → ∞) = R+Be−i(ω
+
B−∆)t + R−Be
−(iω−B−∆)t, and
the unstable pole and branch cut contributions vanish.
For intermediate couplings, this conclusion still holds,
and there is thus a long-time, persistent oscillation of
frequency ω+B − ω−B . For the case of detuning resonant
with the band center, ∆ = ω¯, this may be computed as
(ω+B − ω−B)|∆=ω¯ = 2
√
ω¯2/2 +
√
g4 + ω¯4/4.
For the limit of very strong coupling g  ω¯, the self en-
ergy can be approximated as Σ(ω) ≈ h¯g2/(ω − ω¯) which
corresponds with approximating the band as a single en-
ergy level at ω¯. This results in a suppression of the de-
cay arising from coupling to a band of finite width and
its additional singularities, while maintaining the bound
state poles at frequencies ω±B − ω¯ = [(∆− ω¯)± Ω˜]/2 with
Ω˜ =
√
(∆− ω¯)2 + (2g)2, the usual generalized Rabi fre-
quency of atomic physics when measuring the detuning
from the band center. The “decay” behavior can thus
be interpreted as a Rabi oscillation between the emitter
state and the effective single |b〉 state.
Structure of the bound states. By using the method
of Laplace transforms and assuming a stable bound-state
pole, we can find the composition of the bound state.
Specifically, applying equations (37-38) and (40-46) from
[8], we find a bound state of the form
∣∣ψ±B〉 = |e; 0〉+ g2k
∫ k
−k
dq
|g; 1, q〉
ω±B − ω(q)
(6)
(up to an omitted normalization factor) where we have
assumed a uniform Franck-Condon overlap of all quasi-
momentum states with the initial emitter state. By tak-
ing the product of 〈q| with |ψB〉 we obtain the probabil-
ity amplitudes for the quasimomenta which compose the
state,
φ±(q) =
g
2k
1
ω±B − ω(q)
. (7)
Combined, these give a picture of a bound state which
couples most strongly to the q = 0 quasimomentum state
for ω−B below the band and, exotically, a bound state
8whose strongest contributions are q = ±1 when ω+B is
above the band. These differences manifest themselves
in a stronger modulation with a slight revival in the
spatial structure of the bound state at the first neigh-
boring well for the above-band bound state, which is
more apparent in the spatial wavefunction. In order to
learn about the spatial shape of the blue (emitted) com-
ponent, we compute numerically (by exact diagonaliza-
tion) the Bloch waves, ψq(z), corresponding to the band
structure of interest with small quasimomentum spacing
and add the results according to the defining equation
ψ±B(z) = g
∑k
q=−k ψq(z)/[ω
±
B − ω(q)].
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FIG. 5: Computed |Bq(t)|2 for −k ≤ q ≤ k. The single
band model predicts identically zero contribution outside of
the first Brillouin zone.
Theoretical computation of Bq(t). In order to calcu-
late |Bq(t)|2 for t = 400µs, we use Eq. (3) for the first
Brillouin zone, and set it equal to zero outside this zone,
c.f. Fig. 5. This is an artifact of the band-mapping pro-
cedure arranging the quasimomenta in an extended-zone
scheme and our model having only one band. In or-
der to make a comparison with the experimental data
of Fig. 1C, we apply a Gaussian blur of σE = 0.1Er in
the energy axis and σq = 0.15k in the momentum axis to
account for magnetic field and finite size uncertainty.
∗ Please direct correspondence to do-
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